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Abstract

Some classical results due to Marcinkiewicz, Littlewood and Paley are proved for the Ciesielski—
Fourier series. The Marcinkiewicz multiplier theorem is obtained.fpspaces and extended to Hardy
spaces. The boundedness of the Sunouchi operatby@nd Hardy spaces is also investigated.
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1. Introduction

For trigonometric and Walsh—Fourier series the partial sum operators are bounded on
L, (1< p <o0) spaces. A vector-valued version of this theorem is due to Marcinkiewicz
and Zygmund for trigonometric Fourier series (see B9, Il. p. 225]), to Sunouchi33]
for Walsh—Fourier series and to You[89] for Vilenkin—Fourier series. By the Littlewood—
Paley theory the.,, norm (1 < p < oo) of the square function dfis equivalent to the. ,
norm of f (for the Walsh system see e.§R1], for the trigonometric series, see
[40, Il. p. 224]or [11]).
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Marcinkiewicz (see e.d40, Il. p. 232]) gave a sufficient condition for a multiplier op-
erator of the trigonometric Fourier series to be bounded.gn(1<p<oo) spaces. The
same theorem is proved by Youf@p] for Vilenkin—Fourier series. Hormand§t6] gen-
eralized the Marcinkiewicz condition and theorem. Under some Hormander-type condi-
tions the boundedness of the multiplier operator was proved also on the Hardy &paces
(for trigonometric Fourier series sk 8,20], for Walsh- and Vilenkin—Fourier series see
[7,17-19]).

In this paper we extend these results to Ciesielski—Fourier series, which are generaliza-
tions of the Walsh—Fourier series. The Ciesielski systems can be obtained from the spline
systems of ordegm, k) in the same way as the Walsh system arises from the Haar system
(see[4—6]). The Marcinkiewicz multiplier theorem is extended in another way to Hardy
spaces, which is even new for the Walsh system. A sufficient condition is given for the mul-
tiplier operator to be bounded from titg, Hardy space td. ,, wherepg < p<1andpgis
depending on the multiplier and omandk. It is also proved that the Littlewood—Paley-type
square function is bounded frof, to L, (pg < p<1).

For Walsh—Fourier series Sunoud¢BR,33] introduced an operator and verified that it
is bounded oL, (1 < p < oo) spaces. This operator was used to prove some strong
summability results of Fourier series. The analogous statement fails to hqid#dl (see
[34]). The corresponding theorem for trigopnometric Fourier series can be fold@l ith. p.

224]. Many authors have investigated the Sunouchi opediieig.[10,14,15,24,25,27-29])

for Walsh-, Walsh—Kaczmarz and Vilenkin systems. Sirf#] verified thatU is bounded
from H, to L, for p = 1. This result was extended recently to alkOp <1 by Weisz

[37] and Simor{25]. By using our multiplier theorems mentioned above, in the last section
these results will be generalized for Ciesielski—Fourier series.

2. Ciesielski systems

We consider the unit intervqD, 1) and the Lebesgue measur®n it. We also use the
notation|/| for the Lebesgue measure of the bdtor brevity we writeL , instead of the
realL ([0, 1), 2) space while the norm (or quasi-norm) of this space is definejdtly :=
(f[o,l) |f1Pd)YP (0 < p<oo). The spacé, consists of those sequendes: (b, n € N)
of real numbers for which

1/p
b1y, = (Z |bn|f’> < o0
neN

while L ,(l,) (1< p, r < oo) consists of all sequencegs:= (f,, n € N) of functions for
which

1/r
I fllz,a) = (Z Ifnl”> < 0.

neN p
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First we define the Walsh system. Let

_ |1 ifxelo ),
r(x)'_{—l if x e [3,1)

extended td@R by periodicity of period 1. Th®ademacher systen,, n € N) is defined by
) =r2'%x) (x€[0,1),neN).

TheWalsh functionsre given by

o]

wy(x) 1= 1_[ re(x)™ (x €[0,1),neN)
k=0

wheren = Y00 oni2, (n = 0 or ng = 1). It is known thatw, (f)w, (x) = w,(x+1)
(n e N, t,x € [0,1)), where the dyadic additiof is defined e.g. ifi23].

Next we introduce the spline systems as in CiesigBkiLet us denote by the differ-
entiation operator and define the integration operators

t 1
Gf(t) :=/ fdi, Hf(t) :=/ fda
0 t
Define they,,,n = 1,2, ..., Haar systenby y, := 1 and

212 if x e ((2k — 22771, (2k — )27,
Yok (X) =1 =2Y/2 if x € (2k — 12771, (2277 L),
0 otherwise

forn, ke N,0< k<2", x €[0, 1).
Letm > — 1 be a fixed integer. Applying the Schmidt orthonormalization to the linearly
independent functions

1,6, Gy (1), n>2,

we get thespline systemf,,(’"), n> —m) of orderm. For 0Kk <m + 1 andn >k —m define
the splines

f(m,k) o— Dkf(m) g(m,k) — ka(m)
n * n ? n : n
of order(m, k). Let us normalize these functions and introduce a more unified notation,
k )y —
ponk L E"POUAM I for 0<k<m + 1,
! g A"l for0< —k<m + 1.
We get the Haar systemii = —1, k = 0 and theFranklin systenif m = 0,k = 0. The

systems(hlf’"’k), i>k| —m) and(h?"”k), j > 1|k| — m) are biorthogonal, i.e.

mky m—ky |1 ifi =,
G hy )‘{o ifi £ j,
where( f, g) denotes the usual scalar prody”ﬁt’l) fgda.
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Itis proved in Ciesielskj4,5] that

k /ol
IDV RS (1) < c2N g2 =2 @)

wherem> — 1, |k|<m+1,k+ N<m+ 1l ueNandv=1,..., 2%

In this paper, the constan@andq are depending only om and the constants,, are
depending only op andm. The constant€, g andC, may denote different constants in
different contexts, howeveg,denote constants for which9 ¢ < 1.

Starting with the spline systemh,ﬁm’k), n>|k| — m) we define theCiesielski system
(c(m 0 > |k| — m) in the same way as the Walsh system arises from the Haar system,
namely,

cimk) = b = k| = m, ..., 1)

and

2V

g =" AN a<i<2),
j=1

We get immediately that

k k . )
gt = §:Appg;) (1<j<2Y.

As mentioned before,

RO =w, 1 (n=1)

is the usual Walsh system. One can show (28¢or [6]) that

, 2j—1
v ) —v/2 J
Ai’j = Aj,l. =27/ wi—1 <W) . 2

The system(c(’" k)) is uniformly bounded and it is biorthogonal (o(’” k)) whenever
k| <m + 1.
3. Littlewood—Paley-type inequality

Thepartial sumsand theFejér mean®f the Ciesielski—-Fourier series are defined by

n 1
m, . (m,k)y (m,—k) _ m,
= Y (e e = [ D

J=lk|—=m

1 n 1
O_ilm,k)f'(x) — ; Z S;m,k)(x) — \/0\ Ky(lm’k)(t’ _x)f([) dt,

j=1
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respectively, where: > — 1 and|k|<m + 1. Here

n
DRt xy =y e ),
J=Ikl=m

l n
MR (f gy (k)
Km0, x) == § 1D.,. (1, x)
J:

are theDirichlet andFejér kernels.
The Walsh—Dirichlet and Walsh—Fejér kerne)é_l’o) and K,ﬁ_l’o) are denoted by,
andKk,, respectively. It is knowf23] that D, (¢, x) = D, (t4+x), K, (¢, x) = K, (t4+x) and

_ |2 ifxeqo,2m,
Dz () = {o if x € [277, 1), ®
N-1 N-1
[Kp(0)<2) " 277N 3" Dy (e 277 7h, 4
j=0 i=j

wherex € [0, 1), 2¥-1<n < 2V and

Kn(x)=C Y 2/7"Du(x2777h. (5)
j=0
Ciesielski[5] proved that
I sup s flIlL, <Cullfll, (1< p <o0), (6)
ne

where|k| <m + 1. In this section we will show a vector-valued version of this inequality.
Let us first introduce thelardy—Littlewood maximal function. For ¢ L; let

1
Mf(x) = S”pm/,'f"” (x € [0, 1),

xel
where the supremum is taken over all intervals containinglt is known that
(se€e[30, p. 51])
/r

1 00 p/r 1 o0 P
/ (Z IMﬁI’) ai<cp, | (Z Iﬁl’) ai @)
0 \izo 0 \izo

for f =(fi,ieN)eL,(l)(l<p,r<oo).

The vector-valued Calderon—Zygmund decomposition lemma (s€@8]pcan be used
to prove the next weak type inequality (38, p. 44]). Ifl is an interval then letl be the
interval having the same centerlaand lengthirI| = r|I| (r € N).

Theorem 1. Suppose that the sublinear operator V is bounded ffigi(/, ) to L, (I,-) for
somel < p1, r <oo and

/ IV £l d2<Cl fllLaa)
[0,1)\2/
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forall f € L1(l,) and intervals | which satisfy

1
suppf Cc I and / fdi=0. (8)
0
Then the operator V is of weak typei1(/,), L1(l,)), i.€e.
SU(F))P;L(”Vf”/r > p)<Clflle,qy (f € Li(y).
p>

Let us introduce the following operator:

n

I k ,,—k/
R > (f B R,
J=(kl=m)V(|k'|—=m")

wherem> —1,m’'> — 1, |k|<m + 1, |K'|<m’ + 1. If m = m’ andk = k’ then we write
P,fm’k’m *) P,fm'k). If1 < p <ocothen
IR f1, <Cpll fllp  (F € Lp) ©)
uniformly inn € N (se€[5]).
The following lemma can be found in Weig38].

Lemma 1. Supposethat > —1,m'> — 1, |k|<m+ 1, |K'|<m’'+1landk+ N <m+ 1.
Then

o0
> 1@V )n™ T )< Clr — o TV
J=0 2 <i<2/+1

and forall K € N,
> ! ’
oy P on™ T wi<cz K x -2,
J=K 2/ <j<2i+1

k,m' k")

The corresponding result to (7) for the operatng” reads as follows.

Theorem 2. Assumethatr> — 1,m'> — 1, |k|<m + 1, |K'|<m'+1land f = (f;,i €
N) e L,(,) (1< p,r <o0).Ifn@@) is an arbitrary natural number for eache N then

1/ o0 L p/r 1/ 00 p/r
| (Z P,fz'zg"*m””fiv) 4i<c, | (va) as. (10)
i=0 i=0

Proof. Observe that (10) fop = r follows from (9). Letg € L1 with supportl satisfying
f3gd’ =0 (see (8)). Then

n

;o k /,—k/
P ) o (x) = /g(t) > B O @n T () dr
J= (k= (| =m)
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1

_ (m,k) (m’,—k")
= /Ig(t) Z R ()h] (x) dt

J=(k|=m)V (k'] —m")

+ [0 2 H P wny O ar
i o
tA1(x) + Aa(x).

Sincehﬁ’"‘k) € Lo (j<1),
|A1<x>|</1|g<r>|dr.
If k<m then
Ap(x) = /I g(1) i(hﬁ-’"’“(r) — h4"O )" () di
j=2

whererg denotes the center &fBy Lagrange’s theorem and Lemria

A2(0)] < 1] /1 18(0)] Z DR @1 (o) de

|I|f|g(r>|z S DR @R (o de

j=02i <i < 2i+1
< CIII/Ig(t)IIX—toI_Zdt
1

if £eIandx ¢ 21.
If k =m+1andj<2K thenh(’” %) s constant on, where we may suppose thiais

dyadic and| = 2~ K.ThusPn(’”k'” Kg —0forn<2K. 1fn > 2K, then
n
[A2(0)] < / g1 Y PR @) ar
1

j=2K+1

/|g<z>|2 S PR o) dr

J=K 2/ <j<2i+1
< C|1|/|g(r)||x—tor2dt.
1

Assume thatf € Li(/,) has support and satisfies (8). From the above inequalities it
follows that
1/r

00 1/r 00 r
(Z|Pr%)km '<>f,(x>|r> < Cllx —10] 72 (Z (/ |fl|di) )

1

=0
00 r
< Cl v — 10l <Z| ) d.

i=0
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and

]

1/r 1 0 1/r
/ . Z Prz(’(?ik’nl ’k)fi(x)|r dng/ Z|ﬁ|r di.
e 0 \ilo

i=0

Now Theorem 1 implies

00 1/r
sup p’ (ZIPJ?Z;""" ’k)fi(x)l’> >p | <Clflla,) (f € La).
p>0 i=0

Inequality (10) for 1< p < r follows easily by interpolation (see e[8] or[2]). Forp > r
it can be obtained by the usual duality argumernii]

Note that Theoren? could also be proved by using the corresponding result for the
Haar system and by the equivalence of the spline system and Haar systettin This
equivalence can be found [b2,13]. Actually, they proved the equivalence in more general
UMD spaces. This is a general and complicated result, so for the sake of completeness, we
presented a simpler proof of Theorém

The following result was proved by Marcinkievicz and Zygmund for trigonometric
Fourier series (see e.p10, Il. p. 225]) and by SunouchB3] for Walsh—Fourier series.

Theorem 3. Assumethat > — 1, k|<m+1landf = (fi,ie N) e L,([,) A < p,r <
00). If n(i) is an arbitrary natural number for eache N then

1 00 plr 1 00 p/r
/O (Z |s2’(§»;“ﬁ|") di<Cp, /0 (Z |ﬁ|’> dJ. (11)
i=0 i=0

Proof. If every n(i) is a 2-power, i.en(i) = 2@ then (11) follows from Theorer@,

because it is easy to see théﬁ.’)") = P,fg?)’k).
Set
L, v—1 v
G/(jn,k)(t’ S) = Zﬂ/zrﬂ(s)hgﬁfv)(l‘) |f 7 <S < ? (12)

(1<v<2"). Then, by (2), it is easy to see that
(m,k) ! (-1,0
oy (1) = /O ) (GO (1 ) ds (13)

wherep € N and 1< v <2 (see als§22] and[6]). Let us writen € N in the formn = 24
with 1< j<2'.Forge L,

Sr(lm,k)g _ Sgin,k)g + (Sganr];) . S;n,k)g) '
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Therefore
(m k) (m k) (m, k) (m,—k)
Syiy; 8 g(t) — gt) = E (g, Czl+v Coiyy (1)

V=

—k k 1,0
[P Y e O
y=1

j
m,—k k -1,0
=/0 G" Py Z A (g,h(271+;)c;i+v)(s)ds.

v=1 u=1
(@) (=1,0 ( 1,0
SinceA, ), = (hz,ﬂl Coi s ), we have
k y
sy g ) — sy (1)
J
. (m,—k) (k) p10 (10 | (-10
D> 5 e KD, 19 | 51900
v=1 \pu=1

- / G P, 5) (55 -0 (P ) — 550 (Po)(s)) ds,
0
where

o0
Pg = P00 .= N (g B RO
n=1

Of course, we may suppose that the sum is finite. Ciesielski &]gdroved that

1
/G}"’*"‘)(t,s)h(s)ds <CMh(t) (t€[0,1),he L),
0

which implies

(m,k) (m k) (-1,0 ( 1,0
s Mg — sy Pl <M (sy 0 (Pg) = 550 (). (14)

Suppose that(i) = 21O + n()D with 0<n ()P < 2110, Taking into account (11)
for the Walsh system, TheorePrand (7) we obtain

p/r 1 p/r
/(Z |s,5”(j)">f,> dié/o (Zléﬁ’(’fffil’) di.

p/r
<Z| ,E(jo)(Pf,-)V) d

i=0

3

p/r
Z|Ms§n§,>°)<Pﬁ>|r) d.

0
|f,|’> dJ.

+
O
N
/—\
I\ ?

1

{3
,_\

U

M8

I
o
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This completes the proof of the theorent]

Now we are going to prove the Littlewood—Paley inequality. Let

1 00 1/2
k —k & m.k

QR = 3 AN TR Y Isy £ — sy p P

j=Ikl-m i=0
be thesquare function. For simplicity, from this time on we suppose that
(f.c")y=0 forj=Ikl—m, ... 1

Of course, all theorems of this paper can similarly be proved without this condition. The
following theorem is well known for the Walsh system (see E{] or in a more general
form[35]). For the trigonometric series it can be found in Zygm{4#@ II. p. 224]or[11].

Theorem 4. If m> —1,|k|<m+1andf € L, (1 < p < oo) then
Coll 1, NP £11, <Coll £l p- (15)

This theorem can be proved by applying the unconditionaliwz&f’k), i >|k| —m)and

Khinchine's inequality to/y” f — s f = P f — PO 1.

4. Marcinkiewicz multiplier theorem

Foragiven multiplied = (4;, j = 2,...) where thel;’s are real numbers, thaultiplier
operatorsare defined by

oo
T f =" A e e
j=2
if the sum does exist and by
n
"0 f =" di(f e e e Ny,
j=2

wheref € Lj.
The Marcinkiewicz multiplier theorem is generalized for Ciesielski systems in the next
theorem.

Theorem 5. Assume thatr > — 1, [k|[<m +1landf € L, (1 < p < 00). If

2i+1_l
\LI<C, Y 14— 4jl<C (i eN) (16)
j=21+1
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(m.k)
then7,”" f € L, and

T Flp <Cpll £l - (17)

Proof. Using Theorems and4 the theorem can be proved in the same way as for the
trigonometric system (sddo0, Il. p. 232]). O

This theorem for Vilenkin—Fourier series is due to Youa§].

Note that with the same conditio@m’k) is not bounded fronH1 to L1 in general (see
[7,8]). Under slightly stronger conditions the Marcinkiewicz multiplier theorem will be
extended to Hardy spaces in the next section.

5. Multiplier theorems for Hardy spaces

In order to have a common notation for the dyadic and classical Hardy spaces we define
the Poisson kernel8™* _ If k <m then we introduce?™* by

ct

(m,k)
P, = —_—
CO =

(x e R, t>0).
If k = m + 1 then we defin® """ as follows. For a fixed > 0 if n<t < n + 1 for some
n € N then let
PP () =100 mkx) (xeR).
For a tempered distributidithe non-tangential maximal functias defined by

£ ) = supl(f + P (x e R)
t>0

wherex denotes the convolution.
For 0 < p < oo theHardy spaceH,(,’”’k)(R) consists of all tempered distributiohfor
which

11 ygmo gy = 1L, < oo
Now let
H, := H{""([0,1)) := {f € H"™M(R) : suppf C [0, 1)}.

Obviously,H,, is the dyadic Hardy spacekf= m + 1. Itis known (se¢30]) that the space
H), is equivalenttal, if 1 < p < oo.
A functiona € L is called ap-atomif there exists an interval C [0, 1) such that
(i) suppa C 1,
(i) llalloo<IZ17%7,
(i) f; a(x)x/ dx =0wherej e Nandj<[1/p—1].
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Note that{x] denotes the integer part ofe R.

In the dyadic case, i.e. ¥ = m + 1, we consider only dyadic intervalsand instead of
(i) we assume
(ii")y [;a(x)dx =0.

Theorem 6 (WeisZ38]). Suppose that the operator V is sublinear and

f |Val? dA<C,
[0,1)\167

for every p-atom a with support Where0 < p<1.If V is bounded fronL,, to L, for
somel < p1 < oo then

IVAlp <Cpllflla, (f € Hp).

Now we are ready to prove the main theorem of this section. NoteXBafgllows from
(18).

Theorem 7. Assume that: > — 1, [k|<m +1and f € H, with1/2 < p < co. If

|21 <C, sup Jldj = 2j41l<C  (n € N) (18)
2n+1<j<2n+1_1
and
2n+172
Z JlAj = 2041+ Aj12l<C (neN) (19)
j=2+1
then
I sup %0 1l <Cpll £, - (20)
Ne ’

Proof. Since (16) follows from (18), the theorem for4 p < oo is a consequence of
Theorems and (6).

Suppose tha% < p < 1. Choose a p-atorawith supportl and assume that ¥ 1 <
|11<27% (K € N) andx ¢ 161. Then

2N
k 9 k ,—k
T;gN)a(x):E /I./Lja(t)c;m )(t)dtcﬁ.m )(x)
j=2

N—1 2n+1
=3 / aty Y A" 0™ P ).
n=0"1 j=2"+1

By (13),

on+1

N-1
T;gﬁ)a(x)=2/la(t) D,
n=0

j=2"4+1
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1 1
X / / cﬁfl’o) (s)G,(;"‘k) (t, s)cﬁfl’o) (u)Gglm’_k)(x, u)ds dudt
0 JO

N—1 1 1 2n+l Lo ‘
= Z /a(t)/ / Z /AL]'CE._ ’)(s+u)
n=0"1 0 JO ;oniq

x G0 (1, 9GP (x, u) ds du dt.

By Abel rearrangement we get that

2;,+1 2n+1_2
-1 .
Z ijcﬁ. 9 = Z ](lj —2)vj+1+lj+2)Kj _|_2n+1
j=2+1 j=2+1

X (Aont1_1 — Aons1) Kont1 — 2" (Agny1 — Agny2) Kon
+ (2)V2n+l - /12n+l_1)D2n+l - ),2n+1D2n

Thus

5 o0
k
sup [T5 a0 < > Y
PIT

Ne I= =0

1 rl
/ a(t) / / LY (s+wGIm P, s)
I 0 JoO ’

1n
x G0 (x, u)ds du dt‘ .

n

First let us consider the case- 1 and split the expression into the sums of

0 1 1
Ar(x) =) /Ia(t)/o fo LD (s GO 1, )G (v, u) ds du d
n=K

and
K-1 1 1
Ax) =Y / a(r) f / LY s+ G (1, 5)GI O (x, u) ds du dr .
o M1 oJo ™

Using the definition of the atom, (19) and (4) we obtain

00 1 1 2n+l_2
a0 <2 - [ 7S 10~ 2hs 4 dnp Kits b
n=k V170 YO |j_pniq

x G0 (1, 5) G (x, u)‘ ds dudt

o0 1 p1 1 n
SO D SERD SEACT
n=K £Jo Jo j=0 i=j

x |G (1, )G P (x, )| ds du dt.
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By (12) and (1),

o0 on on 2" ,Ll27" n .
<2y 2 [35 Yo
nok 1D/ o-bz Jesn2 5
n
i=j
Suppose that < p. It is easy to see that for eaelihere exists a sef; , such that
N 2[ if cs
Do 2—i—1y — : u i,V
? (S+u+ ) { 0 if u ¢ Si,v-
Moreover,|S; ,| = 2"~ and
Siy Clv2i /=t 2l gyt i g,

This implies

[e¢) n i
Ar1(x) < CPZK/P Z o—n / Zzi Z oj
n=K I'ico  j=0
2 iy n—ig

2Mt—v27"| 2" |x—pu27"
x> > gZ 2 g2 =2 gy

v=1 Iu_vzzn—j—l_zn—f +1

oo n i
comr S [$og
n=K ! i=0 j=0
on 2n7i71
XYY gz iz gy
v=1 |=—on—it1
on—i_g

oo n i
< szK/p Z 2" / Z 2i Z 2] Z q2"|x—[72*.f*1,[2ﬂz|dt’
n=K I'izo j=0 = —pn—ii1
where we used the inequality
Z gl =FHi=kl < (g, ryrli=J! (g <r<1). 1)
k=1
If
00 K-1 i on—i_q .
A11(x) :=Cp2K/P Z 2_”/ Z 2 2i Z g2z gy
n=K ! i=0 =0 [=_2n—i+1

i 2n—[_1

o0 n
Al,Z(x) = szK/p Z Z_n / Z Zi Z 2/ Z q2"|x—t_2—(/—1_12—n‘ dt
n=K 1 i=K J

=0 [:_2117i+1
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and

o) K-1 i
A111(x) = Cp2K/P Z 2*”/ Z 2 Z 2J
1 i=0 j=0

n=K
=i
2 x—t—2-J"1_[2—n
X Z q lx |1{27,-71+8,21<7,-1}(x) dt,
I=—2"-i41
[ee) K-1 i
Mazn =2 Y 2[5 2 302
n=K I'ico  j=0
2/1—[_1
2 x—t—2-I"1_j27n
X Z q lx |1{27j71+8‘21(*i1}(7(-x) dt,
[=—2n—i41

then obviously
A1(x)<Ap1(x) + Agp(x) and Agai(x) <Ag1a(x) + Az1.2(x).

It is easy to see that

K-1 i
A111(x) <Cp2K/P=K Z 277 Y2 2y g ki (¥)
n=K i=0 j=0

and

/ |A11.1(0)|P dx < Cp2K3=P) Z 2P Z 2i (p—1) Z 2ip
61y

n=K i=0
K-1
< szK(l—Zp) Z 21(2p—1)<cp’
i=0

whenever; < p<1.
We conclude that

0 K—1 ;
A112(x) < C,,ZK/P*K Z on Z 5 Z .
n=K i=0 j=0

i1
C2"|x—t9—27/71
X Z q lx—to |1{2—j—1+8_2K—i1}c (x)
=—2r"i41

<C, oK /p—2K Z on Z ZZJ C2'|x—19—277~ 1\

i=0 j=0

209

(22)
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whererg denotes the center bfSupposing that —zg € [27%, 27%*+1) forsome Kk < K —1,
we get

2K /p—2K i on Xn: lZ 2qu2"\xft072*j*1‘

n=K  i=0 j=k

< 2K/p—2K Z on Z Z 21 4C2'lx—tol

i=0 j=k

< C2K/p—2K Z 22nqC2”\x—lo|
n=K
< C2K/P=2K |y _ 1572

)

because of the inequality
00 ) .
Y 2Mg2 Oyl — oM (M > 0,x # 1), (23)
j=0

which is easy to show, or it can be found[m38] Furthermore,

/ oK /p—2K Zzn Z Zz; C2x—10-2774| 4y
161y

i=0 j=k

< ¢ 2Kd=2p) f lx — 10|72 dx <C). (24)
(ery
To investigate the remaining term, observe that

00 nAG=1) (k—1)Ai _

Iy Yy e
n=K i=0  j=0
nAtk—=1) nA(k—1)
< 2K/p=2K Z 219 N7 N plimepi oo, 202 =

n=K j=0 i=j
k—1
<C2K/p 2K Z on(1+) Z 2j(1—¢) CZ"\x 1o—2-471
n=K j=0
k-1
<C2K/[J—2K Z 2/(1—{I)|x — 10— 2—/—1|—(l+8)’
j=0

where 0< ¢ < 1is arbitrary and: — 1 € [27%, 27¥*1). Moreover, ifk <n then

oo n  (k—=1)Ai L
DD VD MR
n=K i=k j=0
k=1 n

2K/p 2K Z on(1+e) Z Z 2(j—n)en) (1~ a) C2"|x—19—27771
n=K j=0 i=k



F. Weisz / Journal of Approximation Theory 133 (2005) 195-220 211

k-1
< C2K/[J—2K Z 2j(1—8)|x — 10— 2—j—1|—(1+8).
j=0

Hence, if we choosesuch thatl + ¢)p < 1, then

n  (k—=1)Ai 1
/ 2K /p=2K Z on Z Z 2] C2|x—19—27771 dx
161y i=0 j=0
K-1k-1
< CP2K(1,QP) Z Z 2j(178)p‘/ Ix — 10 — 2*jfl|*(l+8)l7 dx
P e {x—1pe[2—F 2-k+1))
K-1k-1
< CPZK(Hm Z Z 2](178)172*](1*(14‘8)17)gcp‘ (25)
k=1 j=0

Let us estimatet 2(x) by the sum of

00 n i
A121(x) :=C,2K/P Z 2—'1/ Z 2 Z 2/
n=K I'ick  j=0

-1

2 x—r—277"t2n
x> g7h 11,8 (x) dt
I=—2n-i41

and

n=K
211—[_1
2 x—r—27/ 2"
X Z q e |1{2—j—1+81}r(.x) dt.
[=—2n—141

0 n i
A122(x):=Cp257 3" 2—11/ DI
I'iZx  j=o

Integrating int we can conclude that

00 n i
A121(x) < Cp2K/P 3" 27 N2 N 21202y gy (X)

n=K i=K  j=0
< ¢ 2Kp Z 27" Z Zz Lip-i-14g7(%).
i=K j=0

Itis easy to see thatl ;-1,g,,(x) = 0if x ¢ 167 andj> K. Henceforth

0 n K
/ |A121(0)|Pdx < Cp2K Y~ 27 N~ N 20K
161y =

i=K j=0

o
<G, Z 27=Bry — k)<C).
n=K
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On the other hand,

A122(x) < Cp2K/P=K i 2" Z 2 Z 2/
j=0

n=K i=K
i1
C2"|x—19—27771
X Z q lx—to ‘1{2—]—1+81}r(x)
[=—21=i41

o] n i
: 7 —j—1
< szk/p72[( § : on § : § :quCZ |[x—tg—27777|
n=K i=0 j=0

and this can be handled in the same wayAag 2(x) in (22). This means that we have
estimatedd 1 (x).

Let us consideA»(x). If k = m + 1, then for a fixed € [0, 1), G,({”’k) (t, s) is constant
onl, whenevem < K. HenceA,(x) = 0.

Suppose now that<m and setA(¢t) := fg a d . Integrating by parts we can see that

K-1

As(x) =)

1 1
/A(t)/ / LD (s4u) D, GO (1, )G9 (x, u) ds du dt | .
o W1 oJo ”

EstimatingAz in the same way ag1 we obtain

K-1 . n i Z .t
Az(x) < Cp2K/P=K %" /Z 232y g7
n=0"1i=0  j=0 j—_pm-iy1
=:A21(x) + A2,
where
K-1 . n i
Aga(x) = C,2K /=K Z/Z 2 Z 2/
n=0"1i=0 j=0
on—i_1 .
8 Z 612’l lx—t—271=1—127"| 1{2—_i—1+8<2k_i 1} (x) dt,
l=—2n—i41
K-1 . n i
Ag2(x):=Cp2K/P=K Z / Z 2 Z 2
n=0"1i=0  j=0
on—i_q )
y Z qzn |x7t727]717[27"|1{2—]’71_}'_8-21(7’.1}(. (x)dt.
[=—2n—i41
Then

K-1 n i

A21(x)<Cp2K/P=2K NN 20N " 20 1y gok-i gy (x)
n=0 i=0  j=0
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and
K-1 n

|A21(x)|P dx < Cp2K A2 (=1 Y™ 2ip < ¢
/(161)c Z Z Z P

n=0 i=0 j=0
For A > we have

K-1 n i

A2 p(x)<Cp2K/P 2K 37 21 3 5™ 012 iom2

n=0 i=0 j=0

and this was estimated after (22).

S|nce|L(l) |<|L(1)| for I = 2,3,4,5, the corresponding cases with respect tan
be handled in the same way as above. By interpolation and The&rems$6 we get the
theoremforall 1/2< p<1. O

If the multiplier 1 is piecewise linear then we can prove a stronger result. Let

. [1/(m—k+2) if k<m,
Pmk=10 ik —m+1.

Theorem 8. Assume that: > — 1, [k|<m + 1and f € H, with p,, ; < p < oo. If (18)
is satisfied and

Aj =201+ 2j42=0 forall j=2"4+1,...,2"1 -2 (neN)
then

k
I sup 58 Flllp <Cpll £ 11,

Proof. The proofis similar to that of Theoret) so we point out only the main steps. Since
L(l) = 0 andD>: < Ko, it is enough to consider the case according to 3. We define
Al andAz similarly as in the previous proof. Then

A1(x) < CPZK/p Z /A /(; |2n(}.2n+1—/Auzn_i_z)Kzn(s—i—u)
n—= 1

x G0 (1, )G (x, u)

00 1 p1 N
< Cp2k/P Z// / Z 27" Don (sHu+2-7"1
n=k 7170 70 -g

x|GU0 (1, )G P (x, )| ds du dt.

This means that in the previous proof we should wirite n instead of the sum ovérand,
moreover] = 0 instead of the sum ovérSincei = n, A1.1 = 0 and

dsdudt

At 2(x) := C,2K/7 Z/Z 20?2 A < Ay 91 (6) + Ar22(x)
n=K
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with

o0 n
: |y __+_o—j—1
A121(x) 1= €287 Z/Z 21gZ T2 gy ()
n=k 1 j=0

o0 n
: Ny _+_o—j—1
A122(x) :=C,2K/P Z/Z 272 g (x) .
n=K“1 j=0

Similarly as in the previous proof,

00 K
/ [A121(0)P dx<Cp2K Y~ 27 Y227k <,
161y oy s

forall0 < p < 1. Furthermore, for > 1,

o0 n
— ; Ny 4 —j—1
A122(x) < Cp28/P7K Z Z 2/qCF =2 |1{2*J'*1+81}"(x)

n=K j=0
oo n 1
— i |y —ftn—2"7—
< szl(/p r+1)K Z orn Z zquZ |x—tg—2 \
n=K j=0

Similarly to (24) and (25) we get that
/ |A1,22(x)[P dx<C)
161y

forall1/(r+1) < p < 1/r. Byinterpolation we getthe inequality forall 1 /41) < p<1
and, since > 1 is arbitrary, for O< p<1.
If k =m + 1, thenAz(x) = 0 and the theorem is proved. Suppose thatn. If

t
A9 =q,  AY() :=/ AVTDd) (jeN)
0

then
[AD || <2K/P7IK (j e N).

Integrating by part$m — k + 1)-times we obtain

K-1 1 1
/ A(m7k+l)(l) / / 2" (Agny1 — Aon i) Kon (s+u)
I 0 JO

Aa(x) = )

n=0
x D" HFHLGIR (1 )G (x, w) ds du df‘

K-1

n
< 2K/p—(m—k+l)K Z 2(m—k+1)n/z 2jq2n|x_t_27j*1‘dt
n=0 Ij—O

=:A21(x) + A22,
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where
K-1 n »
—(m— _ R
AZ,l(x) = 21(/[7 (m—k+1)K E 2(m k-‘rl)n/ § 2jq2 [x—t—2 |
n=0 Ij:()

X 1{2—j—1+8,21(—n1}(x) dt,

K-1 n
Aga(x) := 2K/P=n—kDK 37 2(m—k+l)n/2 gj g emt=27
n=0 1 j=0
X 1{2*.7'*1_;_8.21(—711}0 (x) dt.

Then the inequality
/ [A2(x)[Pdx<Cp (1/(im—k+2) <p<1)
(A61y
can be shown by the above methods. This completes the proof of the thedrém.
Note that under the conditions of Theoreiher 8 the operatorT}('g;f) is not bounded
from L1 to L1 in general (se§26]). '

Now we are going to extend Theorehto Hardy spaces.

Theorem 9. If m> — 1, |k| <m + 1 and 1 satisfies the condition in Theoremthen
1@ (™ £, <Cpll flla, (f € Hp)

for all % < p < oo. If A fulfills also the condition of TheoreB) then the inequality holds
forall p,,x < p < 0.

Proof. The operatorg ("X andT;f’”’k) are bounded ot , (1 < p < oo) (see Theorems
4 and5). Observe that

o\ 1/2
00 2n+1
k k ,—k
0O " Vay)y = | 3 /a(t) > ,ljc;m )(t)cy” )(x)dt
n=0|"1 j=2141
00 2n+l
<Y /a(t) Y aie" P wyem P ) dr
n=0|"1 j=214+1

whereais a p-atom with suppott The theorem can be shown in the same way as Theorems
7and8. O

Since the sequendg; = 1, j € N) trivially fulfills the conditions of Theorers, we get

Corollary 1. Ifm> —1,|k|<m+ landp, i < p < oo then

10" fll, <Cpllfllm, (f € Hp).
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Let us see some other examples fpwhich satisfy the conditions in Theoremand8.
Set

1
AP = ’2— for (2" 4+1<j<2™) (neN) (26)

and
2]1

i = 1 for (2" +1<j<2"Y (meN). (27)

It is easy to see that satisfies the conditions of Theoremand8 and, moreover;®
fulfills the conditions in Theorerm. More generally, lef € L ([0, c0)) be a real function
such that for alh € N

J.is twice continuously differentiable a2, 2**1] except of at mosM points
J! £ 0on(2", 2"+l except of at mosM points or intervals,
the functionx — |x/'(x)| is bounded where it is defined,

(M e N). Then(/, := A(n)) satisfies the conditions of TheoremmIndeed, ifA” >0 on
the interval(i, j + 2) c (2", 2**1], then is convex on this interval and this yields that
A — 20411 + Ay2=>0fori <k<j.Hence
J
Z k|Ak — 22k1+ k2l = Ai + (0 — D) — Aig1) — j(Aj41 — Ajg2) — Aj41.
k=i
By Lagrange’s mean value theorem,

l_l PRy .
€A EENILC,

(i =Dl = Zisal = ( = DIFE)| = 70

wherei < &(i) <i + 1.
If /= 0 at an isolated pointi or if 2" is not twice continuously differentiable at
ue (k,k+1] c (2,21, then

k(A — 22041 + i) = k(A — Zgg1) — k(Zgg1 — Zig2)-

Applying Lagrange mean value theorem on the inter¢alg), (u«, k+1)and(k+ 1, k+2),
we can see that| Ay — 2/x+1 + Ax+2] is bounded.

Since on the interval”, 2" 1] there are at mo$il intervals or isolated points satisfying
the above properties, we have shown our assumption.

6. The Sunouchi operator

The following two operators were introduced by Sunouf@1i—33] for Walsh- and
trigonometric Fourier series (see a[do, Il. p. 224)):

o 1/2
k k
U = (Z sy f 6(2’:13f|2) (f € Ly,
n=0
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) o _ ) 12
yomh £ (Z Isn " f . S ) (f €Ly

n=1

For Walsh—Fourier series Sunou¢B3,32]verified that the operatots andV are bounded
onL, (1 < p < o0). The analogous statement fails to hold for= 1 (se€g34]). However,

it was proved by Simoffi24] thatU is bounded fromH, to L, for p = 1 and by Weisz
[37] for all 0 < p<1 (see alsd10,25]). In this section these results will be extended to
Ciesielski—Fourier series.

Theorem 10. If m> — 1 and|k|<m + 1lthen

CplV™P £, <NIU™P £, <Cp VR £, (28)
forl < p < ooand

%Q(’"~k)(T;f¥)’k)f) < U(m,k)f < Q(m‘k)(T;?f)’k)f), (29)
where the multiplie™ was defined irf26).

Proof. With the help of Theoren3 inequality (28) can be shown in the same way as for
Walsh—Fourier series (s¢&l,33]or [36]).
Observe that

s f 00 = 0 f ) = Z’ (£ R ),

j=2
Let
on+1
k) I k ,—k
d"O )= Y AT (e N,
j=21+1

A"V f= @O fneN), by=2""1 bi=(bnneN).

We will see that the operatdf %) can be rewritten as thie-norm of the convolution of
the two sequenceéﬁ;k)f andb. Indeed,
n
k k
(djf’;) b= dj’g) ) f by
i=0
n 2l+l
_Z Z (f (mk)) (m k)zl n—1
i=0 j=2i41
2n+1

=2 Z (= D(foe e

(m k)f . (m,k)f

2n+l 2n+1
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m.k m,k m,k m m,k
lr( s )f — ”(dj(v( ; )f 3 b) ||12 < ”(d)((l) ) f)” Q( ,k)(T)f(l) )f)~

On the other hand, if := (2, —1,0,0,...), then

on+1
k k o ) X -
(U0 f = 00 ) sedy =227 37 (= D) (f, 0elm D
j=2
271
iy o ok .
—2" Y G =D e =l g
Jj=2

and
(m,k) ;o (m,k) < (m,k)
QP H<3U™h £
which proves the theorem.[

Corollary 2. If m> —1,|k|<m+1andl < p < oo then
Coll Flp <NU™PO £, <CHllfll,  (f € Lp)
and if p,, xr < p<1then

U™ flp<Cpll fllm, (f € Hp). (30)

Proof. The right-hand side of the inequalities follow from Theoréyb and9. For the left
hand side observe tha® = (AY)~1 and hence

k k k
Il = 1T @S O, <CITE" £l
k
<Gl QO Pl <CHIU™ O 1.

The proof of the corollary is complete.[]

Note that the converse inequality to (30) for Walsh- and Walsh—Kaczmarz series was
verified by Daly and Phillip$10] and Simor[25,27,28].
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